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1. Introduction 
The idea that changes in a rotor's dynamic behaviour could be used for general fault detection and monitoring was fi rst 
proposed in the 1970s. Of all machi ne faults, probably cracks in the rotor pose the greatest danger and research in CTilCk 
detection has been ongoing for the past 30 years. Current methods examine the response of the machine to unbalance 
excitation during run-up. run down or during normal operat ion. In principle. a crack in the rotor will change the dynamic 
behaviour of the system but in practice it has been found that small or medium size cracks make such a small change to the 
dynamics of machine system that they are virtually undetectable by this means. Only if the crack grows to a potentially 
dangerous size it ca n be readily detected. 
Detecting faults in rotating machines presents certain problems that do not occur in fixed structures. First of all , in addition 
to cracks there are severa l other types of faults that can be present in a machine. such as a seal rub or a misa ligned bearing. 
Ideally we wish to detect a crack in a machine rotor at an early stage in its development and estimate its size and location. 
However, compared to static structures, access to a rotor can be limited either in order to contain the working fluid or for 
safety reasons. When two or more machines are coupled together it is generally sufficient to be able to determi ne which 
machine rotor is cracked so that the correct stator is removed to ga in access to the rotor. On the other hand. compared to a 
large static structure. the rotorofa machine is easily excited by the residual out-of-balance that always exists or by the use of 
active magnetic bearings . 
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Crack detection methods fall into two groups, pattern recognition and model updating. In the former, a crack model is not 
directly required, but it is desirable to have some idea of the dynamic behaviour that will result from a cracked rotor in order 
that it can be recognised in the pattern of behaviour. Historically the 2X response of a machine has been used to detect cracks 
[1], and if correctly used is an important tool for condition monitoring although care must be exercised as a number of other 
rotor features also produce a 2X response. If the model updating approach is applied, then the dynamic behaviour of the rotor 
is used to update a model of the rotor and in the process determine both the severity and location of any crack. Clearly the 
crack model used must be adequate for the task. Bachschmid et al. [2] used a least squares method in the frequency domain 
whereas Markert et al. [3] applied the same approach in the time domain to identify and locate machine faults (including a 
cracked rotor). A novel technique used in the model updating methods is based on the state estimation. This was used by 
Kulesza and Sawicki [4] who designed a set of observers based on the FEM model of the rotor augmented with an auxiliary 
oscillator, to determine the crack presence and location. 
There are a number of approaches to the modelling of cracks in beam structures reported in the literature, that 
fall into three main categories: local stiffness reduction, discrete spring models, and complex models in two or 
three dimensions. Dimarogonas [5] and Ostachowicz and Krawczuk [6] gave comprehensive surveys of crack modelling 
approaches. Friswell and Penny [7] considered the performance of various crack models in structural health monitoring. 
Relating crack size to shaft stiffness is not easy and Papadopoulos and Dimarogonas [8] and Jun et al. [9] have proposed 
crack models based on fracture mechanics. Papadopoulos and Dimarogonas [8] provided a full 6 6 ﬂexibility matrix 
for a transverse surface crack. Mayes and Davies [10] provided a simple relationship between the crack depth and the 
reduction in stiffness. Keiner and Gadala [11] compared the natural frequencies and orbits of a simple cracked rotor using a 
beam model and two possible ﬁnite element models of the crack. Bachschmid and Pennacchi [12] edited a special issue of 
MSSP that considered the modelling and analysis of breathing cracks. Although the accuracy of the models of idealised 
breathing cracks is well established, there are two key difﬁculties for condition monitoring. First, the stiffness reduction due 
to a crack is very localised, whereas the operating deﬂection shapes of a typical machine at its running speed are global. Thus 
the details of the crack model are less important than the global increase in compliance. Second, real cracks do not propagate 
in a totally predictable way; the uncertainty in the details of the crack mean that quantitative compliance estimation is 
difﬁcult. 
If the vibration due to any out-of-balance forces acting on a rotor is greater than the static deﬂection of the rotor due to 
gravity, then the crack will remain either opened or closed depending on the size and location of the unbalance masses. In the 
case of the permanently opened crack, the rotor is then asymmetric and this condition can lead to stability problems. If 
the vibration due to any out-of-balance forces acting on a rotor is less than the static deﬂection of the rotor due to gravity the 
crack will open and close (or breathe) as the rotor turns. This is the situation that exists in the case of large horizontal 
machines and this paper will concentrate on this condition. 
Active magnetic bearings (AMB) have been used in high-speed applications or where oil contamination must be 
prevented, although their low load capacity restricts the scope of applications. Iwatsubo et al. [13] proposed that an external 
force could be used to detect cracks in the shaft of a machine. If the applied force is periodic, then the presence of the crack 
generates responses containing frequencies at combinations of the rotor spin speed and applied forcing frequency [14–20]. 
The excitation by unbalance and AMB forces produces combinational frequencies between critical speeds of the shaft, the 
rotor spin speed and the frequency of the AMB excitation. The key is to determine the correct excitation frequency to induce a 
combinational frequency that can be used to identify the magnitude of the time-dependent stiffness arising from the 
breathing mode of the rotor crack. Although AMBs are often used to excite the shaft, other methods such as piezoelectric 
actuation applied through auxiliary bearings could be used. Ecker and Tondl [21] used a harmonic variation in support 
stiffness to increase the speed at which a machine became unstable. 
This paper has three important contributions. First, the paper proposes the harmonic balance method as an alternative to 
the multiple scales analysis used by previous authors to estimate the combination frequencies and associated response 
amplitudes for a cracked rotor system excited by unbalance and AMBs. Second, the combinations of frequencies that occur in 
the response are veriﬁed on a more complex simulated and experimental system than previously used with more than one 
resonance frequency. Simulation is used to further investigate the effect of the excitation frequency, measurement noise and 
modelling errors. Finally, the presented experimental data provide strong evidence for potential application of the described 
approach for on-line crack rotor detection. 
2. Equations of motion of the cracked rotor 
The analysis of a rotor-bearing system may be performed in ﬁxed or rotating coordinates. If neither the bearings and 
foundations nor the rotor is axi-symmetric then the resulting differential equations, whether described in ﬁxed or rotating 
coordinates, will be linear equations with harmonic coefﬁcients. Typically foundations of a large machine will be stiffer 
vertically than horizontally and in this case the cracked rotor will not be axi-symmetric when the crack is open. Thus there is 
no compelling reason to used ﬁxed or rotating coordinates for the analysis. To determine the stiffness of the rotor as the crack 
opens and closes it is easier to work in coordinates that are ﬁxed to the rotor and rotate with it. The reduction in stiffness due 
to a crack is then calculated in directions perpendicular to and parallel to the crack face, and these directions will rotate with 
the rotor. Having determined the rotor stiffness in rotating coordinates we transform the stiffness matrix to ﬁxed coordinates 
and join the stiffness to the system inertia to obtain the equation of motion in ﬁxed coordinates. 
The equations of motion will be developed by assuming that the foundation has no internal degrees of freedom and that 
the rotor is represented by a shaft-line model. Thus all of the degrees of freedom are located on the rotor. The extension to 
general systems is straightforward and requires the transformation from rotating to stationary coordinates which is only 
applied to those degrees of freedom located on the rotor. 
K0 and the reduction in stiffness due to a crack be ~Let the stiffness matrix in rotating coordinates for the uncracked rotor be
KcðyÞ, where y is the angle between the crack axis and the rotor response at the crack location and determines the extent to 
which the crack is open. Thus the stiffness of the cracked rotor is 
Kcr ¼K0 KcðyÞ ~~~
~
(1) 
This stiffness matrix is transformed from rotating to ﬁxed coordinates using the transformation matrix T(Ot), to give, 
assuming the uncracked rotor is axi-symmetric 
K0T TTKcðyÞT ¼K0 Kcðy,tÞ ~~Kcr ¼ TT (2) 
Let the deﬂection of the system be q=qst+qdy where qst is the static deﬂection of the uncracked rotor due to gravity, and 
_q ¼
equation of motion for the rotor in ﬁxed coordinates is   
Mq€ dy þðDþGÞq_ dy þðK0 Kcðy,tÞÞ qst þqdy ¼Q uðtÞþW (3) 
where Qu and W are the out of balance forces, and the gravitational force, respectively. Damping and gyroscopic effects have 
been included as a symmetric positive semi-deﬁnite matrix D and a skew-symmetric matrix G, although they have little 
direct bearing on the analysis. If there is axi-symmetric damping in the rotor then there will also be a skew-symmetric 
contribution to the undamaged stiffness matrix, K0. We refer to Eq. (3) as the ‘‘full equations’’. 
The steady-state deﬂection of the rotor varies over each revolution of the rotor since Kc varies. However, the 
stiffness reduction due to the crack is usually small, and we may make the reasonable assumption that 
99K099b:Kcðy,tÞ:. With this assumption the steady-state deﬂection is effectively constant and equal to the static deﬂection, 
qst. The second approximation commonly used in the analysis of cracked rotors is weight dominance. If the system is 
weight dominated it means that the static deﬂection of the rotor is much greater than the response due to the unbalance 
or rotating asymmetry, that is 9qst9b9qdy9. For example, for a large turbine rotor the static deﬂection might be of the order of 
1 mm whereas at running speed the amplitude of vibration is typically 50 mm. Even at a critical speed the allowable 
level of vibration will only be 250 mm. In this situation that the crack opening and closing is dependent only on the static 
deﬂection and thus y=Ot+y0, where O is the rotor speed and y0 is the initial angle. With these two assumptions, Eq. (3) 
becomes 
Mq€ dy þðDþGÞq_ dy þðK0 KcðtÞÞqdy ¼Q uðtÞ (4) 
where Kc is now independent of y. 
3. Models of breathing cracks 
The breathing crack was initially studied by Gasch [22] who modelled the crack as a hinge. In this model the crack is open 
for one half and closed for the other half a revolution of the rotor, and the transition from open to closed (and vice-versa) 
occurs abruptly as the rotor turns. Mayes and Davies [23,24] developed a similar model except that the transition from fully 
open to fully closed is described by a cosine function, and this model will be used in this paper. Penny and Friswell [25–27] 
compared the response due to different crack models and considered the effect on the dynamic response of the rotor. 
In this paper the fully open crack is modelled by reducing the element stiffness in orthogonal directions (parallel and 
perpendicular to the crack face). The stiffness matrix of the machine when the crack is open, in rotating coordinates, is then 
qdy is the dynamic deﬂection due to the rotating out of balance and the effects of the crack. Thus, _qdy and q€ ¼ q€ dy, and the 
~~
~K1. If weight dominance is assumed, then the opening and closing of the crack is periodic at the rotor spin speed. In the Mayes 
model the time dependent stiffness matrix in rotating coordinates is 
K0 K1 ~KcðtÞ ¼ 0:5 ð1 cosðOt þy1ÞÞ½  (5) 
~~~
where y1 depends on the crack orientation and the initial angle of the rotor. When cosðXt þy1Þ ¼ 1 the crack is fully closed and 
KcrðtÞ ¼K0, the uncracked rotor stiffness, where Kcr is deﬁned in Eq. (1). Thus the rotor is axi-symmetric when the crack is 
~~closed. When cosðXt þy1Þ ¼  1 the crack is fully open so that KcrðtÞ ¼K1. Note that when the crack is open the rotor is 
asymmetric. In this paper we will choose y1=0, so that the crack is located at the top of the rotor and is therefore closed at t=0.  
Converting from rotating to ﬁxed coordinates is performed using the transformation given in Eq. (2). The stiffness matrix 
in stationary coordinates, Kc(t), is a periodic function of time only and the full nonlinear Eq. (3) becomes a linear 
parametrically excited equation. Mayes and Davies [10] and Penny and Friswell [25] showed that the model generates a 
constant term plus 1X, 2X and 3X rotor angular velocity components in the stiffness matrix. 
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4. Auxiliary excitation of the shaft and multiple scales analysis 
Suppose the shaft is now excited by an external force, typically implemented using AMBs. The force applied on the rotor by 
the AMBs must be included in the equations of motion. Thus Eq. (4) becomes 
Mq€ dy þðDþGÞq_ dy þðK0 Kc ðtÞÞqdy ¼Q uðtÞþQ AMBðtÞ (6) 
where QAMB is the external forces applied to the rotor by the active magnetic bearing. This force will probably be chosen to be 
harmonic, either in one or two directions. Other waveforms would be possible if they were perceived to offer some advantage. 
The key aspect of the analysis is that the system has three different frequencies, namely the natural frequency (or critical 
speed), the rotor spin speed and the forcing frequency from the AMB. The parametric terms in the equations of motion 
(or nonlinear terms in the full equations) cause combinational frequencies in the response of the machine. Mani et al. [16] 
used a multiple scales analysis to determine the conditions required for a combinational resonance. The analysis is based on 
the assumptions that the damping, the stiffness variation due to the crack, the nonlinearities and the unbalance force are all 
small. The ﬁrst order response is then the sum of two sinusoids consisting of the critical frequency and the AMB excitation 
frequency, with slowly varying amplitude and phase. In this case a combinational resonance occurs when 
X2 ¼ nX oi , for n ¼ 71, 72, 73,. . .  (7) 
where O is the rotor spin speed, O2 is the frequency of the AMB force, and oi is a critical frequency of the system. This analysis 
was based on a two degree of freedom Jeffcott rotor model with weight dominance. Mani et al. [15,16] also considered the 
effect of detuning, that is when the excitation is close to this exact excitation frequency for resonance, and investigated the 
effect on the magnitude of the primary resonance close to the critical frequency of the machine. In the examples the running 
speed of the machine was ﬁve times higher than the critical frequency. This ratio is not practical since there is likely to be a 
second un-modelled resonance below the running speed. Indeed the fact that higher resonances are not modelled is a serious 
omission, particularly as the combinational resonances are likely to excite any higher frequency resonances. 
The multiple scales approach provides excellent results and allows detailed investigation of the system dynamics, for 
example the effects of detuning from the exact resonance condition. However, multiple scales is not very efﬁcient in the 
estimation of the steady-state response amplitudes at the combination frequencies for systems with many degrees of 
freedom. There are also AMB excitation frequencies that do not satisfy Eq. (7) but do produce responses containing 
combinations of the rotor spin speed and the AMB excitation frequency; this will be demonstrated in the presented case 
study. Note that these frequencies would be identiﬁed by a higher order multiple scales analysis. These difﬁculties motivate 
the search for an alternative analysis based on harmonic balance. 
5. Harmonic balance analysis 
The assumptions made for the harmonic balance analysis is that the stiffness variation due to the cracked shaft is periodic 
with the fundamental frequency corresponding to the rotor spin speed. The unbalance force is synchronous and the AMB 
force is sinusoidal at a ﬁxed frequency. Thus, in Eq. (6) 
1 1 X X 
ijXtK0 KcðtÞ ¼  Kie ¼K0 þ2 ½ReðKiÞcos iXt ImðKiÞsin iXt (8) 
i ¼ 1 i ¼ 1 
pﬃﬃﬃﬃﬃﬃﬃ 
where K i ¼Ki to ensure that the stiffness matrix is real, the overbar denotes the complex conjugate and j ¼ 1. The 
exponential form will be preferred for ease of analysis. Note that often the summation in Eq. (8) will be truncated, for example 
in the model of Mayes and Davies [23,24] only the terms up to 9i9=3 are retained. For an asymmetric rotor, that would model 
an open crack, only terms up to 9i9=2 are retained. The unbalance force is 
jXt 
uQ ðtÞ ¼Q u0e þQ u0e jXt (9) 
where the form of Qu0 must allow for the synchronous nature of the forcing. The AMB excitation force is assumed to be in a 
ﬁxed direction in space, and so 
jX2tQ AMBðtÞ ¼Q a0e þQ a0e jX2t (10) 
where O2 is the excitation frequency and usually only a few elements of Qa0 are non-zero. 
Substituting these expressions for stiffness and force into Eq. (6) implies that the general form of the steady-state response 
will include combinations of the AMB excitation frequency and the rotor spin speed. Thus, 
1 
jðrX þ sX2Þtqdy ¼ rs
X 
q e (11) 
r,s ¼ 1 
where the coefﬁcients qrs are obtained by equating frequencies in the equation of motion 
1 1 
jðrX þ sX2Þt jðrX þ sX2 þ iXÞt jXt jX2t 
X X 
Drsqrse þ Kiqrse ¼Q u0e þQ u0e jXt þQ a0e þQ a0e jX2t (12) 
r,s ¼ 1 i,r,s ¼ 1 
  
  
 
  
 
 
 
 
 
where h i 
Drs ¼ ðrXþsX2Þ2Mþ jðrXþsX2ÞðDþGÞ (13) 
The two summations on the left side of this equation make it difﬁcult to equate frequencies, however a shift r-r i in the 
second summation gives 
1 1 
jðrX þ sX2Þt jðrX þ sX2Þt jXt jX2t 
X X 
Drsqrse þ Kiqðr iÞse ¼Q u0e þQ u0e jXt þQ a0e þQ a0e jX2t (14) 
r,s ¼ 1 i,r,s ¼ 1 
or " # 1 1 
jðrX þ sX2Þt jXt jX2t 
X X 
Drsqrs þ Kiqðr iÞs e ¼Q u0e þQ u0e jXt þQ a0e þQ a0e jX2t (15) 
r,s ¼ 1 i ¼ 1 
The form of the equations to solve for the unknown vector coefﬁcients, qrs, are now clear. Providing rXþsX2 is unique for 
every combination of r and s, the coefﬁcients of each frequency may be equated in Eq. (15). In general the summations for the 
response and the stiffness variations are inﬁnite. For practical computations these summations in the harmonic balance 
method are truncated [28,29], and generally this works well because the amplitudes of the coefﬁcients reduce for large 9r9 or 
9s9. The equations form a pattern that is most easily identiﬁed by grouping coefﬁcients of constant s together to give 2 3 9 98 8& ^ ^ ^ ^ ^ ^ > > > >  > >> > 6 7     K1 K2 K3 > > > 0 > 6 D21 þK0 7  q21   > >> > 6 7  > >> > 6    K1 K1 7  >  0 D11 þK0 K2 > q11 > > 6 7  > >> > 6 7   K2 K1 D01 þK0 K1 > > > Q > 6 7  q01   > > > a0 > 6 7 > >> > 6    D 7  q  K3 K2 K1 11 þK0 > 11 > > 0 > 6 6 7< = < =7 6 & ^ ^ ^ 7 ^ ¼ ^ (16) > > > >6 7  > > 6    D20 þK0 K2 7> >  K1 K3  0q20 > >> > 6 7  > >> > 6 7    K1 D10 þK0 K2 7> > Q6 K1  q10 >  >  u0 >> > 6 7 >  >> > 6    K2 K1 D00 þK0 K1 7  q00  0 > >> > 6 7 > >> > 6 7 > 4    K3 K2 K1 D 5> q > > Q 10 þK0  10  u0 > >> > : ; : ;
& ^ ^ 
The coefﬁcient matrix in Eq. (16) is block diagonal. Furthermore, the only excitation occurs at frequencies O and O2. This 
means that qrs =0 for 9s9Z2. 
The Drs +K0 terms on the diagonal are generally far away from singularity, except for a lightly damped system when 
(rO+sO2) is close to a critical frequency of the system, that is 
oi ¼ rXþsX2, for some i, r and s (17) 
where oi is the ith critical frequency. Hence this condition must be satisﬁed to obtain a high steady-state response, and is the 
condition required to set the excitation frequency. This equation is equivalent to that given in Eq. (7) for s= 71, and hence the 
excitation frequencies determined by the multiple scales and the harmonic balance analysis are consistent. 
6. The time simulation 
The analysis thus far has indicated that combinational frequencies are likely to occur in a machine with a breathing crack, 
excited by a magnetic actuator. Most of the analysis in the literature has been performed on simple two degree of freedom 
models of the machine, with simplifying assumptions concerning the crack model, gyroscopic effects, higher modes and so 
on. In order to check the robustness of the frequency content of the machine response a time simulation will be performed on 
a detailed model of the machine. This will allow realistic features of the real machine to be easily incorporated. To ensure the 
transient response decays within a reasonable time, damping is added to the bearings and/or disks. The equations of motion 
are integrated using ode45 in MATLAB. However, the number of degrees of freedom of a detailed ﬁnite model is likely to be 
large, requiring a long computational time to simulate the response. Thus the equations of motion in the rotating frame are 
reduced using the lower mode shapes of the undamped and undamaged machine, neglecting gyroscopic effects. A sufﬁcient 
number of modes should be included to simulate the range of excitation frequencies, and also any signiﬁcant combinational 
frequencies. This reduction has two beneﬁcial effects; not only are the number of degrees of freedom reduced, leading to a 
lower computational cost per time step, but also the higher frequencies are removed, thus allowing a larger time step. 
The reduction procedure is to calculate the eigenvectors of the undamped and undamaged machine as 
2½ o MþK0 /i ¼ 0 (18)0i
where o0i and /i 7 are the ith natural frequency and mode shape. If the lower r modes are retained then the reduction 
transformation is   
Tr ¼ /1/2. . ./ (19)r
 
The reduced equations of motion, assuming the mode shapes are mass normalized, are then 
€qr þ Dr þGrð Þ _qr þ K0ð Krc ðtÞÞqr ¼Q ruðtÞþQ rAMBðtÞ (20) 
where 
qdy ¼ Tr qr , Dr ¼ TT r Dr Tr , Gr ¼ TT r GrTr , Krc ¼ TT r Kc Tr , 
Q ru ¼ TT r Q u, Q rAMB ¼ TT r Q AMB, (21) ( )
and K0 ¼ diag o2 02,. . .,o2 is the diagonal matrix of undamped and undamaged eigenvalues. Note that this reduced 01,o2 0r 
equation of motion may also be used in the harmonic balance method described in the previous section. 
The equations are integrated until a steady state has been established and then the FFT is calculated. The steady-state 
response should only contain the excitation and rotor spin frequencies, and the combinational frequencies, and therefore the 
spectrum of the response should only contain discrete frequencies. However, leakage is likely to occur because of the 
difﬁculties in choosing a sample period so that every sinusoidal component in the response has an integer number of cycles in 
the sample. The effect of leakage may be reduced by using time window functions. Furthermore the sample period must be 
sufﬁciently long to ensure that the frequency increment is small enough to distinguish the individual frequency components. 
7. The experimental test rig 
The approach is demonstrated on a test rig utilized at the Center for Rotating Machinery Dynamics and Control (RoMaDyC) 
at Cleveland State University [19,20]. The photo of rig and its schematic are presented in Fig. 1. The shaft is supported on two 
ball bearings that are mounted in support housing of conical active magnetic bearings (AMBs). Although the rotor is 
conﬁgured to be supported by AMBs, these are not activated in this study. Each AMB is equipped with two pairs of variable 
reluctance type position sensors that measure the vibrations in two perpendicular directions. The rig is also equipped with an 
additional radial AMB that is used as an actuator applying the external force into the rotor. The actuator can be placed at any 
axial location allowing the external excitation to be applied at almost any point of the shaft. The waveform of this excitation is 
generated in MATLAB/Simulink environment and transferred to the hardware via dSPACE DS1103 board. As in the supporting 
AMBs, two pairs of position sensors are mounted on the AMB actuator too. Additional proximity probes can be mounted onto 
the test rig base, allowing rotor displacement measurements at almost any point along its axis. For the current demonstration 
Fig. 1. Photo (top) and CAD drawing of the rotor crack detection rig. 
  
 
the actuator is placed close to the crack location. For general applications the actuator must be able to excite the active modes 
of interest and for particular machines the location should be optimised taking account of any practical limitations that may 
exist. The 48 V DC, 0–15,000 rev/min brushed motor controlled by a digital controller is used to drive the rotor. The spin speed 
and the motor torque are monitored and the controller will shut the power to the motor off in the event of a fault or alarm. The 
shaft is connected to the motor using a lightweight, ﬂexible coupling that allows radial and axial movement of the shaft. 
Two digital controllers provide control loop updates at a 10 kHz frequency and they essentially control and power the 
magnetic bearings while allowing the user to register useful information about the system under operation. The dSPACE 
platform is used to have complete control over the experiment by providing access to every sensor signal, user deﬁned control 
command, and operational parameters. 
8. Simulation and experimental results for the test rig 
The simulated machine is based on the experimental test rig described above. Fig. 2 shows a schematic of the machine and 
indicates the 30 ﬁnite elements used to model the rotor. The shaft diameter is 15.875 mm and the shaft length is 65.9 mm. The 
disk has a diameter of 127 mm and a thickness of 12.7 mm. The diameter of the active magnetic bearing rotors and radial 
actuator is 47.90 mm. The rotor is made of steel with modulus of elasticity E=206.8 GPa, Poisson’s ratio n=0.3, and density 
r=7888.7 kg/m3. The shaft is running on single row deep groove ball bearings which are modelled as constant stiffness 
bearings with stiffness 30 MN/m and damping 10 N s/m at nodes 2 and 29, as shown in Fig. 2. To approximate the effect of a 
crack, a notch is cut using technique known as wire electrical discharge machining (EDM) with the wire diameter of 
1.143 10 4 m. The notch is located at the shaft between the magnetic actuator and the unbalance disk. The shaft crack is 
modelled at the 16th element, and its length was taken as 25.4 mm. Two dampers of value 50 N s/m are added at the location 
of nodes 12 and 20. These dampers are used to increase damping in the ﬁrst mode, and hence reduce the time required for the 
transient response to decay. During the experiments the radial displacements of the rotor are measured in the horizontal and 
vertical directions. The displacements are taken at the 21st node. For all simulations the rotor speed was O=27 Hz (1620 rev/ 
min). For the undamaged rotor, the ﬁrst two critical bending frequencies are located at o1=36 Hz and o2=274 Hz. An out of 
balance with magnitude 10 3 Nm was added at the disk location (17th node) and, when applied, the active magnetic bearing 
(AMB) injected a peak harmonic force of 10 N at the 13th node. Fig. 3 shows the Campbell diagram for the rotor system and 
Fig. 4 shows the ﬁrst four mode shapes at a rotor spin speed of 1620 rev/min. 
Fig. 2. Finite element model of the rotor system. 
Fig. 3. The Campbell diagram for the rotor system. 
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Fig. 4. The ﬁrst four mode shapes for the rotor system at 1620 rev/min. 
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Fig. 5. Measured FFT comparison of the healthy vs. the shaft with a 40% crack. 
Fig. 5 illustrates a comparison of two transfer functions of a non-rotating rotor. These were experimentally acquired 
through the use of the dynamic signal analyzer with the instrumented hammer and accelerometer. Shown with the solid and 
dotted lines are the amplitudes of the transfer function for the rotor with no crack and for the rotor with a 40% crack, 
respectively. Modes one, two, and four for both uncracked and damaged shafts are in the same locations on the frequency axis. 
However, the key features of this comparison are the locations of modes three and ﬁve. The damaged shaft shows a 27 Hz shift 
to the left at the third mode and a 54 Hz shift to the left at the ﬁfth mode. The amplitudes of the shaft with 40% crack are 
generally higher than the healthy shaft’s ones which can be expected due to the slight reduction of shaft stiffness. 
According to Eq. (11) the response qdy of the rotor will include combinations oc of the AMB excitation frequency O2 and 
the rotor spin speed O, i.e. 
oc ¼ rXþsX2 (22) 
As we can see, depending on the excitation frequency and for the given rotor spin speed, the frequency spectra of the rotor 
vibration response will include different combinational frequencies. However, Eq. (17) suggests, that the amplitude of the 
response will be maximum when (rO+sO2) is close to a critical frequency oi. This restricts the choice of possible excitation 
frequencies to a limited number only. Fig. 6 shows the candidate external excitation frequencies O2 calculated using Eq. (17) 
for the ﬁrst two critical frequencies o1=36 Hz and o2=274 Hz, and for s= 71, r=0,1,y,5,6. To investigate this further and to 
compare the results obtained by the time simulation and from the harmonic balance, we will consider some examples at 
different external excitations. 
Fig. 7 presents the response of the uncracked rotor with no excitation. The line shows the response obtained by the time 
simulation, where the model has been reduced to the ﬁrst 12 modes. The integration is performed over 670 cycles of the rotor 
spin frequency, and the ﬁrst 400 cycles are discarded to allow the transients to decay. Note that the number of cycles (270) has 
been chosen so that there is no leakage effects at the signiﬁcant frequency at which the response is non-zero. The crosses 
denote the results from the harmonic balance method and results agree closely with the time simulation. The only response is 
at the rotor spin speed O=27 Hz (marked as 1X). Of course the advantage of using harmonic balance is that the computation is 
much less. 
Fig. 8 shows the response of the undamaged rotor when the AMB excitation force is present. The frequency of this force is 
O2=18 Hz, basedon anassumedcritical frequency of o1=36 Hz,with n=2 in Eq. (7), or r=2 and s= 1 in Eq. (17). The response 
   
Fig. 6. Candidate external excitation frequencies for mode 1 (squares) and mode 2 (circles). 
Fig. 7. The response of the uncracked rotor with no excitation. 
only occurs at the rotor spin frequency (1X) and the AMB forcing frequency (18 Hz). A very good agreement between the time 
simulation and the harmonic balance results can be observed. 
Suppose a crack is now added to the shaft. Two cases of the cracked shaft will be considered, modelled by assuming that 
the stiffnesses for the cracked element in two directions (perpendicular and parallel to the crack) are reduced by 25% and 
12.5% (for the ﬁrst case) and by 40% and 20% (for the second case). The crack opening and closing is assumed to be weight 
dominated, and hence the equations of motion are linear and parametrically excited. Figs. 9 and 10 show the responses for 
zero force from the AMB, for the 25% and 40% cracked shafts, respectively. The responses are at the rotor spin speed (1X) and 
its harmonics (2X, 3X, 4X, 5X), only. A very good agreement between the simulated and the harmonic balance results can be 
noticed. Comparing Figs. 9 and 10 one can see, that the deeper crack manifests itself through higher values of harmonics 
amplitudes. 
Suppose the 25% cracked rotor is now excited by the AMB with a frequency of O2=18 Hz. According to Eqs. (11) and (22), 
for s= 1,0,1 and r= 6, 5,y,0,y,5,6 we will obtain several values of combinational frequencies oc located at 9, 18, 27, 36, 
45, 54, 63, 72, 81, 90, 9908, 126, and 144 Hz. Fig. 11 presents the response of the 25% cracked shaft obtained by the 
time simulations and the harmonic balance method. The dominant frequency of the response spectrum is the spin speed of 
27 Hz (1X) and its 2X, 3X, and 4X multiples with much smaller amplitudes. Moreover, the combinational frequency peaks 
(shown in italics) appear at the locations calculated above. It can be noticed that the frequencies and the amplitudes agree 
very well. 
Although the frequency lines in Figs. 7–11 are very distinct, it should be emphasised that this is a very idealised case. 
A number of issues that arise in practice will now be discussed. The measurements should be taken at the steady state, and in 
the simulations the dampers were added to increase the damping in the ﬁrst mode. In practice for lightly damped machines 
sufﬁcient time must be allowed for the steady state to be reached. For the analysis, the computational time required for the 
harmonic balance is not affected by the damping, whereas for the time simulation the increased computational effort will be 
signiﬁcant. 
Fig. 8. The response of the uncracked rotor excited by the AMB (O2=18 Hz). 
Fig. 9. The response of the 25% cracked rotor with no AMB excitation. 
Fig. 10. The response of the 40% cracked rotor with no AMB excitation. 
Consider the accuracy of the estimated critical frequency. Suppose the ﬁrst critical frequency, which equals o1=36 Hz, is 
estimated as o~ 1 =34 Hz, giving the AMB frequency of O2=20 Hz, for n=2 in Eq. (7). Based on Eqs. (11), (22) the response qdy 
will include the combinational frequencies oc located at 7, 20, 27, 34, 47, 54, 61, 74, 81, 88, 101, and 108 Hz. The effect of 
 Fig. 11. The response of the 25% cracked rotor excited by the AMB (O2=18 Hz). 
Fig. 12. The response of the 25% cracked rotor excited by the AMB (O2=20 Hz). 
estimating the natural frequency as o~ 1 =34 Hz is shown in Fig. 12. Apart from the rotor spin speed frequency and its 
multiplies, combinational frequencies occur at the values given above. The results obtained from the time simulations and the 
harmonic balance agree very well. Then suppose the ﬁrst critical frequency is estimated as o~ 1 =38 Hz, what for n=2 gives the 
AMB frequency of O2=16 Hz (Eq. (7)). This time, according to Eqs. (11), (22), combinational frequencies will be located at 11, 
16, 27, 38, 43, 54, 65, 70, 81, 92, 97 and 108 Hz. Fig. 13 shows the response of the system for this case. Again, the results for the 
harmonic balance and the simulations agree very well and highlight that the natural frequencies do not have to be estimated 
very accurately. 
Leakage is another problem in the calculation of the frequency domain response from the time data. Fig. 14 shows the 
effect when 271 cycles of the rotor spin frequency are used for the measurement. This means that the time period does not 
contain an integer number of cycles of the AMB forcing, and Fig. 14 clearly shows leakage effects around the combinational 
frequencies (compare to Fig. 11). It is possible to overcome the leakage effects since we know very accurately the rotor spin 
speed (assuming it is constant) and the AMB frequency; this allows us to choose the sample period, or alternatively we could 
use an estimator for the magnitude of the two frequency terms. 
The harmonic balance approach shows that the amplitudes of the discreet combinational frequencies change while 
changing the excitation frequency. Fig. 15 shows the inﬂuence of the varying excitation frequency O2 on the response qdy for 
its different components qrs (i.e. for different values of r and s, Eqs. (11) and (22)). The different lines represent the amplitudes 
of different harmonics qrs. For s=0, i.e. when there is no AMB excitation (dot-dashed lines), the response and its harmonics do 
not depend on the external excitation frequency. For s= 1 or 1, i.e. with the AMB exciting the rotor, the peaks of components 
qrs can be observed at different frequencies of the AMB. The relatively high damping means that the peaks are quite wide. If 
the machine damping was low then they would be sharper. The peaks are located at the following excitation frequencies: 9, 
18, 36, 45, 63, 72 Hz. All these frequencies fully satisfy condition (17) and apart from 36 Hz also condition (7). The highest 
peaks are near the excitation frequency of 36 Hz, i.e. near the ﬁrst critical speed o1. This means that the amplitude of the rotor 
Fig. 13. The response of the 25% cracked rotor excited by the AMB (O2=16 Hz). 
Fig. 14. The response of the 25% cracked rotor with leakage effects excited by the AMB (O2=18 Hz). 
response qdy will be maximum for this frequency too. The frequency spectrum of this response is presented in Fig. 16. Indeed, 
Fig. 16 compared with Figs. 11–13 shows higher amplitudes at the combinational frequencies. This is not a surprise, as 
O2=36 Hz satisﬁes condition (17) (for r=0 and s=1). It would also satisfy condition (7) if parameter n could be of value 0. This 
shows that the multiple scale analysis can be seen as the subset of the harmonic balance method, as the results obtained from 
the multiple scales are consistent for some frequencies with the harmonic balance. However, for the experimental tests 
conducted so far, only excitation frequencies satisfying condition (7) were used. The results of these investigations are 
presented below. 
Fig. 17 shows the response of the 40% cracked shaft obtained by the time simulations and experimental tests. The response 
frequencies from the simulation closely agree with those from the experimental data. Speciﬁcally, the running speed (1X) and 
its multiples (2X, 3X, 4X, 5X), AMB force excitation (18 Hz), critical frequency (36 Hz), and the combinational frequencies 
match well. The experimental data however, show amplitudes that are much lower and not so clearly deﬁned compared to 
the simulation. The discrepancy in amplitudes has a number of likely causes, such as modelling errors including damping, 
small errors in the identiﬁcation of the combination frequencies, poor estimation of the machine unbalance, errors in the 
force estimation from the AMB actuator, leakage effects in the experimental data, and difﬁculties in estimating the actual 
crack compliance. Note that the stiffness reduction due to the crack is estimated in a very simple way in our simulated 
example. Fig. 17 also shows that the measurements are contaminated with noise, although the amplitude is relatively small 
for the laboratory test rig. The effect of measurement noise will be larger for industrial plant, and also for machines where the 
 Fig. 15. The response of the 25% cracked rotor at different AMB frequencies. Line types: s= 1 (solid), 0 (dot-dashed), or 1 (dashed), and r=0 (circle), 1 (cross), 
2 (triangle), 3 (star), 4 (square), 5 (diamond), 6 (ex). 
Fig. 16. The response of the 25% cracked rotor excited by the AMB (O2=36 Hz). 
response amplitude is small. Essentially there will be a noise ﬂoor in the measurements and only those combination 
frequencies whose response amplitude is above this noise ﬂoor will be detected, and this will have implications for real 
condition monitoring systems. 
Thus far the AMB frequency has been calculated using n=2 and an estimate of the ﬁrst critical frequency in Eq. (7). Suppose 
that n=3 with an estimated ﬁrst critical frequency of o1=36 Hz, giving an AMB frequency of 45 Hz. Fig. 18 shows the 
spectrum in this case, which is very similar to Fig. 17 with the same combinational frequencies, although different response 
amplitudes. Fig. 19 shows the effect of using the ﬁrst critical frequency (o1=36 Hz) and n=4 in Eq. (7), giving an AMB 
frequency of 72 Hz. Clearly combinational frequencies are excited, and the character of the spectrum is similar. 
Fig. 20 presents four responses of the uncracked rotor at different AMB frequencies obtained experimentally. The plots are 
shown in a vertical array so they can be visually compared. The ﬁrst plot in Fig. 20 shows the responses without AMB 
excitation. No combinational frequencies could be observed there. The trials with AMB excitation are plotted in the last three 
plots and have the features unique to each of them. AMB signal excitation appears as the peak in the response spectrum at 
the corresponding frequency. The second plot of the ﬁgure has an AMB excitation peak at 18 Hz, the third plot at 45 Hz, and 
the fourth plot at 72 Hz. The plots with the AMB excitation show traces of combinational frequencies (labeled in italics), but 
their amplitudes are negligible. 
 Fig. 17. The response of the 40% cracked rotor excited by the AMB (O2=18 Hz). 
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Fig. 18. The response of the 40% cracked rotor excited by the AMB (O2=45 Hz). 
Fig. 19. The response of the 40% cracked rotor excited by the AMB (O2=72 Hz). 
Fig. 21 presents four experimental responses at different AMB frequencies, similar to those presented in Fig. 20, but for the 
25% cracked rotor. This time, the last three plots with AMB excitation show a signiﬁcant difference in the combinational 
frequency content and amplitudes in comparison with the healthy shaft case. It is evident that combinational frequency 
peaks (shown in italics) are more common as well as appear larger in amplitude, due to the presence of the 25% crack. Also, the 
magnitudes of the responses at the induced combinational frequencies are larger for higher excitation frequencies. 
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Fig. 20. The responses of the uncracked rotor at different AMB frequencies. 
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Fig. 21. The response of the 25% cracked rotor excited by the AMB with various frequencies. 
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Fig. 22. The response of the 40% cracked rotor excited by the AMB with various frequencies. 
Fig. 22 presents the similar results as those in Figs. 20 and 21, but for the 40% cracked rotor. The responses show similar 
combinational frequency content but with an increasing trend in amplitude when compared to the 25% cracked shaft. The 
three plots with AMB excitation essentially contain all the combinational frequencies. Also, the magnitudes of the responses 
at the induced combinational frequencies are larger for higher excitation frequencies. 
It is clear from these examples that the cracked rotor response at the combinational frequencies can be used to detect that 
the system is parametrically excited. However, estimation of the state of the rotor and obtaining more details of its condition 
requires the analysis of the relative amplitudes of the response at these different frequencies. The response calculation based 
on the harmonic balance method is sufﬁciently fast to allow such analysis. However, difﬁculties exist because of signal to 
noise ratio issues (although averaging can help, provided that the rotor spin speed is held constant) and the sensitivity of the 
response amplitudes to different damage mechanisms. 
9. Conclusions 
A variety of approaches have been proposed to try to make use of the changes in the dynamics of a rotor to identify and 
possibly locate crack (and other faults) in a rotor at an early stage in their development. The simulations shown suggest that 
the use of an auxiliary active magnetic bearing (AMB) to help identify crack in the rotor has some merit, but further work is 
needed to produce a robust condition monitoring technique. Applying a sinusoidal force from the AMB produces 
combinational frequencies based on the AMB frequency, and the rotational speed, that could be used to detect cracks in 
the rotor. However, a robust method is needed to determine the presence, location and severity of a crack from the 
combinational frequencies in the response. The harmonic balance method proposed in this paper provides a fast and 
convenient method to predict the responses, and could be used with inverse methods for damage detection. Furthermore, the 
effect of adding an extra force to the system might encourage a faster crack growth, which is obviously a disadvantage. 
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